Abstract. A Nash algebraic model of a compact smooth manifold M is a pair (X, X 0 ) where X is a nonsingular real algebraic set and X 0 is the union of some connected components of X such that X 0 is diffeomorphic to M . We study the homology classes on X 0 represented by algebraic subsets of X contained in X 0 for various Nash algebraic models (X, X 0 ) of M .
Introduction
In 1973 A. Tognoli [25] , improving upon an earlier result of J. Nash [20] , demonstrated that every compact smooth (of class C ∞ ) manifold M is diffeomorphic to a nonsingular real algebraic set (in R n for some n), henceforth called an algebraic model of M . Since then a lot of effort has been devoted to the construction of algebraic models with certain additional desirable properties; see [1, 2, 3, 4, 5, 6, 7, 8, 9, 18] . In the recent papers [13, 14, 15, 19] , a relaxed concept of algebraic model is used, which is closer in spirit to Nash's original paper [20] . By a Nash algebraic model of M , we mean a pair (X, X 0 ), where X is a compact nonsingular real algebraic set, X 0 is the union of some connected components of X, and X 0 is diffeomorphic to M . Note that X\X 0 is a smooth manifold, being either empty or a union of connected components of X. We say that the Nash algebraic model (X, X 0 ) of M is nice if X \ X 0 is diffeomorphic to M , in which case the topology of X is determined by M . All Nash algebraic models constructed in this paper happen to be nice.
In order to state our results we need some preparation. A homology class in H k (X, Z/2), where X is a compact nonsingular real algebraic set, is said to be algebraic if it can be represented by a k-dimensional algebraic subset of X. The set H alg k (X, Z/2) of all algebraic homology classes in H k (X, Z/2) is a subgroup. Early papers dealing with algebraic homology classes provided examples of X with H alg k (X, Z/2) = H k (X, Z/2) for some k; see [1, 5, 6, 16, 21, 22] . The groups H alg k (X, Z/2) play an important role in real algebraic geometry. Their properties and applications are surveyed in [10] . If X 0 is the union of some connected components of X, we denote by H alg k (X 0 , Z/2) the subgroup of H k (X, Z/2) consisting of the homology classes represented by k-dimensional algebraic subsets of X contained in X 0 . The behavior of the groups H alg k (X, Z/2) (or their counterparts in cohomology) as X runs through the class of all algebraic models of a given compact smooth manifold M is investigated in [7, 8, 9, 18] .
In the present paper, we study the groups H alg k (X 0 , Z/2) as (X, X 0 ) runs through the class of all Nash algebraic models of M .
Given homology classes
is the Poincaré duality isomorphism. 
Proofs
Let B k be a nonsingular irreducible real algebraic set with precisely two connected components B k 0 and B k 1 , each diffeomorphic to the unit k-sphere, k ≥ 1. For example, one can take
Lemma 2.1. Let X be a compact nonsingular real algebraic set and let X 0 be the union of some connected components of X.
for every homology class β in H alg k (X 0 , Z/2). Proof. In [17, 18] , for every compact nonsingular real algebraic set Y a certain sub- 
cf. [18, Example 4.5] . Both (i) and (ii) will be crucial.
Let β be a homology class in
, the map g being regular; see [6, 11] . Denoting byḡ :
, where the last equality follows from (i). Making use of (ii) and (iii), we getḡ * (β) = 0. Since g|X 0 = δ • g, we obtain (g|X) * (β) = 0, as required.
Let M be a compact smooth manifold. Given an n-dimensional smooth submanifold N of M (always assumed to be a closed subset of M ), we set 
We may assume that each submanifold K i , 1 ≤ i ≤ , is connected and, for k ≥ 2, nonorientable.
To justify this claim, we argue as follows. Since M is connected and k ≥ 1, K i can be replaced by a connected smooth submanifold of M obtained by joining the connected components of
and hence there is a k-dimensional connected nonorientable smooth submanifold P of M which is contained in an open subset of M diffeomorphic to R m . It follows that for k ≥ 2, K i can be replaced by a nonorientable smooth submanifold of M obtained by joining K i and P with a k-dimensional tube. The claim is proved.
By transversality, the submanifolds K 1 , . . . , K can be chosen in general position. Let
it follows that D M (Γ) =Ḡ. Therefore the assumption aboutḠ implies that Γ is generated by spherical cohomology classes. Hence, with notation as in Lemma 2.1, there exist a positive integer d and a smooth map
Let M be a smooth manifold, G be a subgroup of H k (M , Z/2), K 1 , . . . , K be smooth submanifolds of M , and f : M → B k (d) be a smooth map. We say 
In the proof of the Assertion, we will consider separately the two cases k ≥ 2 and k = 1. 
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By the Mayer-Vietoris exact sequence, the equality (f j0 |K)
where the last equality follows from (a 1 ) and (a 4 ). Hence the map f |K :
In order to complete the proof of the Assertion for k ≥ 2, it suffices to show that f : Case 2. Suppose now that k = 1. We have
where the last equality follows from (a 1 ) and (a 4 ). Consequently, the map f |K i : 
i . We may assume that K 1 , . . . , K are pairwise disjoint nonsingular algebraic subsets of R n , n ≥ 2m + 1. Hence one can find a smooth embedding e : M → R n such that Henceforth we assume that M, K 1 , . . . , K , f are as in the Assertion. In addition, we assume that M is a nonsingular algebraic subset of R n . For any nonnegative integer p, we regard R n as a subset of R n+p , identifying R n with 
, and hence (a 4 ) implies
, then according to Lemma 2.1, (g|X 0 ) * (β) = 0, which in turn means that β is in ϕ * (G). In view of (a 5 ), we obtain
The proof is complete. Suppose T is empty. If m = 0, there is nothing to prove. If m ≥ 1, then according to [26] , there exists an irreducible algebraic model X of the disjoint union of two copies of M . Let X 0 be the union of some connected components of X such that X 0 is diffeomorphic to M . Then (X, X 0 ) is a nice Nash algebraic model of M . Since X is irreducible, we have H alg k (X 0 , Z/2) = 0 for k ≥ m, as required. Henceforth, we assume T is nonempty, with 
The equality in (b 1 ) implies that the induced homomorphism
Moreover, we can find such a map f i with the additional property that it is constant on some open subset U of M which has a nonempty intersection with each connected component of M . Let C be a 1-dimensional smooth submanifold of M such that C ⊆ U , each connected component of M contains a connected component of C, and the normal bundle of C i in M is trivial. In particular, 
